We re-examine the design of structurally regular linear-phase (LP) paraunitary filter banks (PUFBs) via a general framework without the LP constraint, and show that by a suitable choice of parameterization, the general regularity theory simplifies significantly under the LP assumption. A new geometric condition for regularity is presented which is essentially equivalent to but simpler than that in [1]. A connection between the general-purpose dyadic-based building block and the order-one LP building block used in the GenLOT structure is established.
INTRODUCTION
Notations: Bold-faced characters denote either a column vector or a matrix. The ith column of a matrix wm is denoted as w m i . For i = 0, . . . , M − 1, ei is the ith unit vector of C M . 1M and 0M are the M -vectors of all ones and all zeros, respectively, and IM and JM denote the M × M identity and reverse identity matrices, respectively. ρ(A) denotes the rank of A. An m × n constant matrix A is said to be unitary if A † A = In. Regularity of a filter bank is closely related to the smoothness of the corresponding wavelet basis [2] . An M -channel PUFB is said to be K-regular or have K degrees of regularity if its analysis lowpass filter H0(z) has a zero of multiplicity K at the M th roots of unity e j2πm/M for m = 1, . . . , M − 1. This is equivalent to d dz
where c = 0 for = 0, 1, . . . , K − 1 [3, 4] . Regular filter banks are desirable to many applications such as signal interpolation and data compression [2, [5] [6] [7] [8] .
Consider a causal M ×M polyphase matrix E(z). The McMillan degree and the order of E(z) are two distinct but important concepts. The (McMillan) degree of E(z) refers to the minimum number of delay elements required for its implementation. A minimal structure of E(z) is one which uses this minimum number of delay elements in it; as a contrast, the order of E(z) refers to the highest power of z −1 in E(z). As a result, the degree is no less than the order.
Any PUFB E(z) of degree N always assumes the degree-one factorization: E(z) = Q 1 m=N Vm(z)E0, where E0 is unitary and Vm(z) = I − vmv † m + z −1 vmv † m with vm = 1 is the degreeone paraunitary building block [9] . Each Vm(z) is referred to as dyadic-based structure as it involves the dyadic form vmv † m . In [10] , the use of dyadic-based structure for filter bank design was studied and was shown to outperform the Givens rotation-based parameterization.
Generalizing the above degree-constrained structure, Gao et al. have recently proposed the following dyadic-based factorization given the order of the PUFB [11] :
Lemma 1 (Order-One Factorization) The dyadic-based structure with parameter matrix wm
is the order-one paraunitary building block for some integer γm with 1 ≤ γm ≤ M . Any order-L paraunitary polyphase matrix E(z) can be factored as
for some M × M unitary E0 and some integers γ1, . . . , γL. This structure is referred to as the order-one factorization of E(z). It is complete for any given order L.
Remarks: In (2), the parameter matrix wm consists of γm orthonormal columns,
Since the M × γm matrix wm is unitary, we have ρ(wm) = ρ(wmw † m ) = γm, and the degree of Wm(z) is thus γm [9] .
For the class of M -channel linear-phase PUFBs (LPPUFBs, a.k.a. GenLOT [12] ) with M even, the imposition of up to two degrees of regularity on the lattice structure was discussed in [1] . The regularity conditions were expressed in terms of the Givens rotation angles of the lattice components. On the other hand, the most general theory for structurally regular PUFBs has been reported in [13] . This paper aims to show how the general theory in [13] specializes under the LP assumption, and as a by-product, to derive a reduced-parameter representation for LPPUFBs. We will summarize the general regularity results [13] in the next section, followed by the dyadic-based characterization of LPPUFBs and our new results in Sec. 3. Design examples are presented in Sec. 4, and Sec. 5 concludes the paper.
REGULAR PARAUNITARY FILTER BANKS
For a general PUFB (3) of order L, the one-regular property can be completely captured by the Householder factorization of E0 [13] . For any M × M unitary matrix U, there exists a Householder transformation H[p0] = I − 2p0p † 0 which aligns the 0th column of U with the unit vector e0:
for some unit-norm vector p0 and some θ0 ∈ R. The same procedure can be repeated on U1 and so on for M − 1 times, to arrive at
which is the Householder factorization of U.
We now summarize the one-regular condition below.
Theorem 1 (One-regular PUFB) An order-L PUFB as in (3) is one-regular if and only if the Householder factorization of E †
0 :
is such that p0 =ˆp
jη and p
for i ≥ 1, where the sign parameter s = ±1, η ∈ R, and D = diag(e jθ 0 , ..., e jθ M −1 ).
Proof: See [13] . Remark: The above condition ensures identical elements in the 0th row of E0, which is required for regularity of degree one (and higher). An alternative approach to obtaining identical elements of the 0th row has been reported in [1], which uses Givens rotations.
Theorem 2 (Two-Regularity with Length Constraint) An order-L PUFB as in (3) is 2-regular if and only if
1. E0 is one-regular as described in Theorem 1, and 2. the unitary parameter matrices wm, as in (4), of the orderone PU building blocks Wm(z) satisfy
where
T˜T , and bM =ˆ0 1 . . . M −1˜T .
Proof: See [13] . General design procedure associated with (6) has been reported in [13] , which is based on the geometric interpretation of (6). In the next section, we will consider the special case of LPPUFBs and show how the general theory in [13] specializes.
LINEAR-PHASE PARAUNITARY FILTER BANKS
As linear-phase paraunitary filter banks (LPPUFBs) are a special class of the general PUFBs, it is interesting to see how the general theory specializes in this case. The number of channels M ≥ 4 is assumed to be even in this section, and real-valued filters are considered.
An M -channel LPPUFB of order L can always be factored as follows [12, 14] E(z) = GL(z)GL−1(z) . . . G1(z)E φ 0 (7) where Gm(z) = ΓmQΛ(z)Q is the PU linear-phase building block, and E φ 0 = Γ0QĨ, with
-.
The Um and Vm are M/2 × M/2 unitary.
LPPUFB in Standard Order-One Form
Obviously, each LP building block Gm(z) is of order one. Therefore, one can express it in terms of the order-one PU building block Wm(z). It can be shown that (with subscripts M/2 omitted for notation simplicity)
where the order-one PU building block WL(z) is given by
The trailing factor diag(UL, VL) is absorbed by GL−1(z) so that 
GL(z)GL−1(z) = WL(z)
We can carry out the same procedure until arriving at
E(z) = WL(z) . . . W1(z)
»Ũ 0 0 0Ṽ0 - QĨ | {z } E0 .(9)
Some Observations
Two observations are in order based on the standard order-one form (9) derived above. Firstly, for each order-one PU building block Wm(z) as given in (8), the choice of the orthogonal 1 parameter matrix wm is not unique, but one can always make the following choice
We will see that this choice results in a significant simplification of the two-regular condition (6) , and achieves a reduced number of free parameters for the LPPUFB. Secondly, the standard form (9) provides a new parameterization of LPPUFBs by defininĝ U0 =Ũ0,V0 =Ṽ0, and Vm =ṼmŨ
Namely, there are in total L + 2 free parameter matrices of size M/2×M/2. This is less than 2L+2 as in (7) and is the same number as the reduced-parameter structure for LPPUFBs established in [11] . Note that starting with a set of (original) parameter matrices Um and Vm as in (7), one can always obtain a corresponding smaller set of matricesÛm andVm. Hence, the completeness of the structure is not affected by the proposed parameterization.
Specialization of Two-Regular Condition (6)
With the proposed choice of the M × M 2 orthogonal parameter matrix wm for Wm(z):
the second two-regular condition (6) in Theorem 2 simplifies significantly, resulting in
as w m i,0 ≡ 0 for all i > 1 and for all m = 1, . . . , L, where the phase term e −jθ 0 becomes ±1 in the real case and has been absorbed into the sign parameter s. The above condition can be further simplified as
due to LP and (10), whereĚ0 denotes the lower M/2 rows of E0, and it is understood that e0 ∈ R M/2 . This is a condition on the 0th columns ofVm's, which is a simpler geometric condition to impose.
Proof: We will first show that the first M/2 − 1 equations in (11) are automatically satisfied due to the LP assumption. Therefore, (12) and (11) are equivalent.
In the LHS of (11), the first M/2 − 1 elements are identically zero due to (10). For the RHS, note that
1 We consider real-valued fi lters in this section.
Therefore, by recognizing bM
, we have
where α=
. As the LPPUFB is two-regular,Û01 M 2 =ĉ0e0,
, which establishes that the first M/2 − 1 elements in the RHS of (11) are identically zero as well.
In this way, we have obtained an alternative characterization of structurally regular LPPUFBs [1] using dyadic-based structures, with an equivalent but simpler geometric condition (12) to impose. Note that based on (12) , many properties in [1] such as the minimum length can also be derived, and the design procedure can be fully utilized subject to suitable modifications.
DESIGN EXAMPLES
The proposed characterization of LPPUFB using dyadic-based structures is used in this section to design regular LPPUFBs. The first example is a two-regular 8 × 32 LPPUFB. The coding gain is 9.45dB with stopband energy 0.1580. The result is shown in Fig. 1 . As a comparison, the two-regular 8×32 LPPUFB in [1] has coding gain 9.28dB and stopband energy 0.3468.
As a second example, we consider the design of an 8 × 40 LP-PUFB with two degrees of regularity. The coding gain is 9.50dB with stopband energy 0.0750. The result is shown in Fig. 2 . As a comparison, a two-regular 8×40 LPPUFB based on [1] has coding gain 9.43dB and stopband energy 0.1480.
In both designs, the two-regular property can be confirmed by the multiplicity of zeros of the resulting filters H0(z), located at the aliasing frequencies ωm = 2πm M , m = 1, 2, . . . , M − 1.
CONCLUSION
We have proposed a new characterization of regular linear-phase paraunitary filter banks via a general framework using dyadicbased structures without the LP constraint, and shown that by a suitable choice of parameterization, the general regularity theory simplifies significantly under the linear phase assumption. The result is an equivalent but simpler geometric condition to impose. We have also obtained a reduced-parameter representation of LP-PUFB as a by-product. The proposed characterization is found to result in better regular LPPUFBs.
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